This article has a twofold purpose. First, by recent works of Kaletha and Loke-Ma, we give an explicit description of the local theta correspondence between regular supercuspidal representations in the equal rank symplectic-orthogonal case. Second, based on this description, we show that the local theta correspondence preserves distinction with respect to unramified Galois involutions.
Introduction
Overview. Theta lifts are concrete realizations of the Langlands functoriality for classical groups or metaplectic groups. In recent years, there are several celebrated developments in this direction, e.g. [LST11, GI14, SZ15, GI16, GT16], just name a few among them. For supercuspidal representations, the cornerstone of admissible representations of p-adic reductive groups, a fundamental result of Kudla says that the first occurrence of nonzero theta lifts of supercuspidal representations are also supercuspidal representations. Recently Loke and Ma [LM] gave a description of the local theta correspondence between tame supercuspidal representations in terms of the supercuspidal data. This type of supercuspidal representations was first constructed by Yu [Yu01] and developed further by others, e.g. [Kim07, HM08] , etc.
In his recent work [Kal] , Kaletha found much simpler data, called tame regular elliptic pairs, to parameterize regular supercuspidal representations which are a subclass of tame supercuspidal representations. This new remarkable construction is a generalization of Howe's classical result [How77] , and has many applications in the landscape of the Langlands program. For example, Kaletha constructed the L-packets of regular supercuspidal representations (see loc. cit.), which generalizes previous works [Ree08, DR09, DR10, Kal14, RY14, Kal15] . Hence it is natural to ask for a description of the local theta correspondence between regular supercuspidal representations in terms of tame regular elliptic pairs, which will in turn reflect the relation between the L-parameters under theta lifts. We attempt to answer this question in the equal rank symplecticorthogonal case.
Another application of Kaletha's construction was presented in our previous work [Zha] , which is concerned with the distinction problem. The general theory of distinguished tame supercuspidal representations in terms of supercuspidal data has been studied by Hakim and Murnaghan [HM08] , whose prior or subsequent works treated various typical examples in the case of general linear groups (cf. [HM02a, HM02b, HL12, Hak13] ). Recently, Hakim [Haka, Hakb] provided a new appraoch to the construction of tame supercuspidal representations and its application to the distinction problem. On the other hand, it is natural to study the relation between the distinction problem and the Langlands functoriality, especially in the spirit of Sakellaridis and Venkatesh's proposal [SV] , or of Prasad's conjecture [Pra] for Galois involutions. In this paper, we will give a simple criterion to detect distinguished regular supercuspidal representations of a general connected reductive group for an unramified Galois involution. Together with our result on theta lifts, this criterion enables us to show that theta lifts preserve distinction.
Main results. Let E be a finite extension field of Q p with p sufficiently large, W a 2n-dimensional symplectic space over E and G = Sp(W). We fix an additive character ψ of E of conductor p E , where p E is the maximal ideal of the integer ring o E of E.
Let π = π (S,µ,j) be a regular supercuspidal representation of G(E), where S is a torus over E, µ is a character of S(E) and j : S ֒→ G is an E-embedding such that (jS, µ) is a tame regular elliptic pair of G. We call (S, µ, j) a regular elliptic triple for short. Our first result (Theorem 3.6) says that up to equivalence there exists a unique 2n-dimensional quadratic space V over E such that the theta lift π ′ = θ V,W,ψ (π) is nonzero. Moreover we show that π ′ is a regular supercuspidal representation of O(V)(E), and can be described explicitly in terms of regular elliptic triples. Loke-Ma's description of the local theta correspondence in terms of supercuspidal data is modulo the knowledge about theta lifts over finite fields. However, in our situation, things become easier and clearer, since due to [Sri79] and [AMR96] we have a complete understanding about theta lifts for regular Deligne-Lusztig cuspidal representations.
Next, we turn to the distinction problem. Now we suppose that F is a subfield of E such that [E : F ] = 2 and E/F is unramified. We also assume that W has an F -structure coming from W , i.e. W is obtained from a 2n-dimensional symplectic space W over F by extension of scalars. Thus G = Sp(W ) is a subgroup of G, which is fixed by the nontrivial unramified Galois involution σ ∈ Gal(E/F ). Recall that we say π is G(F )-distinguished if Hom G(F ) (π, 1) is nonzero. If π is a distinguished regular supercuspidal representation, we will show that the quadratic space V in the above paragraph has an F -structure coming from V such that the theta lift of π to O(V) is O(V )(F )-distinguished (see Theorem 4.4). The proof of Theorem 4.4 relies on the results about the distinction problem for general involutions developed in our prior work [Zha] , and also a refinement for unramified Galois involutions given in §4.1.
It would be of some interests to extend the results in this paper to Mp(W) and O(V) when dim W = 2n and dim V = 2n + 1, and also to Sp(W) and O(V) when dim W = 2n and dim V = 2n + 2.
Organization of the paper. The assumptions on the residue characteristic p, and necessary notation and convention are given in the rest of this section. In Section 2 we recall the background knowledge of supercuspidal data, block decompositions of supercuspidal data for classical groups, and also regular supercuspidal representations. We study the local theta correspondence between regular supercuspidal representations in Section 3, and its relation with the distinction problem in Section 4.
Assumptions. Throughout this article, F is a local field which is a finite extension of Q p . We assume that p is sufficiently large such that it satisfies both of the assumptions in [Zha, §1] 
, and
For a reductive group G over F , we denote by • G its connected component of the identity, and Z(G) the center of G. We use the corresponding lowercase gothic letter g to denote its Lie algebra. For Γ ∈ g, let Z G (Γ) denote the stabilizer of Γ in G. If E is a finite extension of F , we use R E/F G to denote the Weil restriction of G, which is a reductive group over F whose F -rational points are G(E).
We denote by B(G, F ) and B red (G, F ) the extended and reduced BruhatTits buildings of G(F ) respectively. For x ∈ B red (G, F ), we denote by G(F ) x the stabilizer of x in G(F ), by G(F ) x,0 the connected parahoric subgroup attached to x, by G(F ) x,0+ the pro-unipotent radical of G(F ) x,0 , and by
• G x the corresponding connected reductive quotient group over k F . Moreover, if G is a classical group, we denote by G x the reductive group over k F such that
As introduced in [MP94] , we denote by G(F ) x,r the Moy-Prasad filtration subgroups of G(F ) x,0 for r ∈ R ≥0 , and by g(F ) x,r the filtration lattices of g(F ) for r ∈ R. We write G(F ) x,r+ := s>r G(F ) x,s and g(F ) x,r+ := s>r g(F ) x,s . For s ≥ r, we write
When G is a classical group, there exists a correspondence between the set of self-dual lattice functions and B(G, F ), and a description of the Moy-Prasad filtration in terms of lattice functions. We refer to [LM16, §4] for a detailed summary.
Preliminaries

Supercuspidal data
Let G be a reductive group over F . We fix an additive character ψ of F of conductor p F . Throughout this paper, a supercuspidal G-datum has two meanings. We will abuse the notion when there is no confusion.
First, a supercuspidal G-datum Ψ = G, x, ρ, φ means a generic cuspidal G-datum in the sense of [Yu01] . To be precise, the datum Ψ statisfies
3. ρ is an irreducible representation of
is 1-isotypic and the compactly induced representation π −1 = ind 
When G is a classical group, things can be simplified as in [LM, §3] . We also adopt the notion therein: a supercuspidal G-datum Σ = (x, Γ, φ, ρ) satisfies 1. Γ is a tamely ramified semisimple element of g(F ) and admits a good factorization Γ =
ρ is an irreducible cuspidal representation of the finite group
We remark that in the above definition we always require "Γ −1 = 0". See Remarks 2 after [LM, Definition 3.3] on this point. Given a supercuspidal
exists a supercuspidal G-datum Ψ = G, x, ρ, φ such that φ i is represented by
When G is connected, Yu obtains an irreducible supercuspidal representation π Ψ or π Σ of G(F ) from a supercuspidal G-datum Ψ or Σ. When G is an orthogonal group, as argued in [LM, §3.4], we can also get an irreducible supercuspidal representation π Σ from a supercuspidal G-datum Σ.
Block decompositions
Now we record the block decomposition of a supercuspidal G-datum Σ = (x, Γ, φ, ρ), which is referred to [LM, §4] . We restrict ourselves to the case that (V, ·, · V ) is a symplectic or quadratic space over F and G is the corresponding isometry group.
Viewing Γ ∈ g(F ) as an element of End F (V ), the algebra F [Γ] is isomorphic to a product j∈J F j of tamely ramified finite extensions F j of F . Since V is an
V j where V j is a subspace and
as (4.1) of loc. cit., and put
Note that we have required "Γ −1 = 0" in the definition of Σ. Therefore we have 0 Γ = 0 and 0 V = ker(Γ). The restriction of ·, · V to each ℓ V is non-degenerate, whose isometry group is denoted by ℓ G. According to Definition 4.4 of loc. cit., a depth-zero single block of G is a supercuspidal G-datum of the form (x, 0, 1, ρ), and a positive depth single block of G is a supercuspidal G-datum Σ = (x, Γ, φ, ρ) such that Γ j has the same negative valuation for all j ∈ J. By Proposition 4.5 of loc. cit., there exists a block decomposition
is a depth-zero single block of 0 G and ℓ Σ is a positive depth single block of ℓ G for each 1 ≤ ℓ ≤ b. See Proposition 4.5 of loc. cit. for more details on the block decompositions. Conversely, given single blocks satisfying certain natural conditions, we can obtain a supercuspidal datum by direct sum (cf. Lemma 4.7 of loc. cit.).
Regular supercuspidal representations
In [Kal] , Kaletha defined a subclass of supercuspidal G-data, called regular regu-
x and a character λ of S(k F ) in general position. An irreducible supercuspidal representation π of G(F ) is called regular if it is equivalent to π Ψ for some regular supercuspidal G-datum Ψ.
In loc. cit., Kaletha found more convenient data than supercuspidal data to parameterize regular supercuspidal representations. Recall that a tame regular elliptic pair (S, µ) of G contains a tame elliptic maximal torus S of G and a character µ of S(F ) satisfying the conditions in Definition 3.6.5 of loc. cit. From a tame regular elliptic pair (S, µ), a Howe factorization of (S, µ) (cf. §3.7 of loc. cit.) provides a regular supercuspidal G-datum Ψ = ( G, x, ρ (S,µ0) , φ) (also called a Howe factorization) where 1. S is a maximally unramified elliptic maximal torus of G 0 , 2. µ 0 is a regular depth-zero character of S(F ) with respect to G 0 , 3. ρ (S,µ0) is defined and constructed in §3.4.3 and §3.4.4 of loc. cit.,
Let π (S,µ) denote π Ψ , which is a regular supercuspidal representation and whose equivalence class does not depend on the choice of Howe factorizations. It is known that all regular supercuspidal representations are of the forms π (S,µ) , and π (S1,µ1) and π (S2,µ2) are equivalent if and only if the pairs (S 1 , µ 1 ) and (S 2 , µ 2 ) are G(F )-conjugate. For latter use, (S, µ, j) is called a regular elliptic triple if S is an F -torus and j : S → G is an F -embedding such that (jS, µ) is a tame regular elliptic pair of G. The meaning of the Howe factorizations of (S, µ, j) is obvious. We write
When G is a classical group, a regular elliptic triple (S, µ, j) gives rise to a Howe factorization G, x, ρ (S,µ0) , φ and thus a supercuspidal G-datum Σ =
x, Γ, φ, ρ (S,µ0) . We also call Σ a Howe factorization of (S, µ, j).
Regular elliptic triples of classical groups
When G is a classical group, the conjugacy classes of embeddings of maximal tori have a nice parametrization, which is well known (cf. [SS70, IV.2], [Wal01] or [Li, §3.1]). As before, we restrict ourselves to symplectic and orthogonal groups, and only consider elliptic maximal tori. Let (V, ·, · V ) be a 2n-dimensional symplectic or quadratic space over F and G the corresponding isometry group. Consider the datum
where
is a 2n-dimensional symplectic space over F , where x, y c := Tr L/F (cxȳ) and y →ȳ is the involution with respect to the quadratic extension L/L
• . On the other hand, if c ∈ L • , (L, ·, · c ) is a 2n-dimensional quadratic space over F , where ·, · c is defined in the same way. In any case, the norm-one F -torus
Thus we obtain an embedding of an elliptic maximal torus
where U(L) is the isometry group of (L, ·, · c ).
When V is a symplectic space, the equivalence classes of the data (L, 
Theta lifts
In this section we study the theta lifts of regular supercuspidal representations from symplectic groups to even orthogonal groups. We restrict ourselves to the equal rank case, i.e. the symplectic and quadratic spaces are of the same dimension. The results of [Sri79] on the theta lifts over finite fields and [LM] on the theta lifts between tame supercuspidal representations are crucial to us. Throughout this section, we suppose that (W, ·, · W ) is a 2n-dimensional symplectic space over a p-adic field F , ψ is a fixed additive character of F of conductor p F , and G = Sp(W ).
Theta lifts over finite fields
Let k be a finite field. Let W and V be a symplectic and a quadratic vector space over k of dimension 2n respectively. Recall that up to equivalence there are two 2n-dimensional quadratic spaces V + and V − over k, whose discriminants are trivial and nontrivial in k/k ×2 respectively. Denote
Analogous to the p-adic case, the G(k)-conjugacy classes of elliptic maximal tori S of G are parameterized by the data (L, 
Similarly, the H(k)-conjugacy classes of elliptic maximal tori S of
with one more condition: we require that r is even (resp. odd) if V is equivalent to V + (resp. V − ). We also have S(k) ∼ = L 1 . The above parametrization establishes a correspondence between the conjugacy classes of elliptic maximal tori of G and those of H
• :
{elliptic maximal torus of G} /G(k) − conj.
which is explicitly given by
Let Ω(S, G) = N (S, G)/S be the Weyl group attached to S ⊂ G and Ω(S, H) = N (S, H)/S the Weyl group attached to S ⊂ H. Then we have
For an elliptic maximal torus S of G and a character µ of S(k) in general position, let ±R 
conjugacy classes in the H(k)-conjugacy class of S is represented by {S, S ε }. Since the stabilizer of µ in Ω(S, G)(k) is trivial, so is the stabilizer of µ in Ω(S, H)(k). Hence we have
Therefore ±R H S (µ) := Ind
is an irreducible representation of H(k), which is well defined for the H(k)- 
Depth-zero single block
We first consider theta lifts of regular depth-zero supercuspidal representations. In this case, since G is split, regular depth-zero supercuspidal representations are parameterized by the unramified regular elliptic triples (S, µ, j), that is, we further require that S is unramified and µ is of depth zero. From now on, we fix a uniformizer ̟ of p F . 
Proposition 3.3. Let π (S,µ,j) be a regular depth-zero supercuspidal representation of G(F
Suppose that
Proof. Let x be the vertex of B red (G, F ) attached to jS. Then Σ = x, 0, 1, ρ (S,µ) is a depth-zero single block attached to (S, µ, j). We have G x = G 1 × G 2 where G i = Sp(W i ) for i = 1, 2. The elliptic maximal torus of G x attached to S is S = S 1 × S 2 where S i is the elliptic maximal torus of Sp(
Now let V be a 2n ′ -dimensional quadratic space over F such that
is the first occurrence of the nonzero theta lifts in the Witt tower of V . By [Kud86] and [Pan02] , π V is an irreducible depth-zero supercuspidal representation. Let (y, ρ ′ ) be a depth-zero K-type of π V for H = O(V ), where y is a vertex of B(H, F ) and ρ ′ is an irreducible cuspidal representation of
is an irreducible cuspidal representation of H i (k F ) for i = 1, 2. According to [Pan02, Theorem 5 .6], we have
On the other hand, since
and we require dim V = 2n in the statement of the proposition, it must be dim V i = dim W i for i = 1, 2. By Lemma 3.1, for each i = 1, 2, the quadratic space V i is unique up to equivalence so that there exists an embedding S i ֒→ H i . Hence V is unique up to equivalence. Furthermore we have κ
• , cτ ̟, χ −1 , y the vertex attached to j θ (S), and L ′ the corresponding lattice, then it is easy to check that π V = π (S,µ −1 ,j θ ) .
Remark 3.4. We retain the notation in Proposition 3.3. Suppose that (S,
. Let I 1 (resp. I 2 ) be the subset of I containing the elements i's such that val Li (c i )'s are even (resp. odd). Set r = |I 1 | and s = |I 2 |. We have
• if r and s is odd, then disc(V ) = 1 and SO(V ) is split;
• if r and s are even, then disc(V ) = 1 and SO(V ) is non-split;
• if r is even and s is odd, then disc( 
Positive depth single block
Next we consider the theta lifts of regular supercuspidal representations whose Howe factorizations are positive depth single blocks.
Let π = π (S,µ,j) be a regular supercuspidal representation of G(F ) such that its Howe factorization Σ = (x, Γ, φ, ρ (S,µ0) ) is a single block of positive depth r. Note that det(Γ) = 0. Suppose that (S, µ, j) corresponds to (L, L
• , c, χ). We may assume (W, ·, · W ) = (L, ·, · c ), identify Lie(jS) with L − , and assume Γ ∈ Lie(jS).
As introduced in [LM, Definition 5.8], we set V = W as an F -vector space and equip it with the form v 1 , v 2 Γ = v 1 , Γv 2 W . Since Γ ∈ g(F ), (V, ·, · Γ ) is a quadratic space. Denote H = O(V ), h = Lie(H). We view both of G and H as subgroups of GL(V ), and view both of g and h as sub-Lie algebras of End(V ). Then Γ also lies in h, and
be the lattice function in V , which is defined in Lemma 5.9 of loc. cit. Let
See the Remarks after Proposition 5.13 of loc. cit. for details. Put
which is a single block of H of positive depth r.
Proposition 3.5. We have the following statements.
2. π Σ ′ is a regular supercuspidal representation attached to certain regular elliptic triple (S, µ −1 , j θ ) of H.
Suppose that
Proof. The first statement is due to [LM, Proposition 7 .1] or a special case of the Main Theorem of loc. cit.
. Let j θ : S ֒→ H denote the embedding given by the composition
General case
Now we treat the theta lifts of general regular supercuspidal representations. Let π = π (S,µ,j) be a regular supercuspidal representation of G(F ) with a Howe factorization Σ = (x, Γ, φ, ρ). Let Σ = Since jS is a maximally unramified elliptic maximal torus of
ℓ S so that j ℓ S is a maximally unramified elliptic maximal torus
ℓ µ be the decomposition of µ with respect to that of S. Then ( ℓ S, ℓ µ, j) is a regular elliptic triple of
According to Propositions 3.3 and 3.5, we obtain a regular elliptic triple ℓ S,
Theorem 3.6. Up to equivalence, there exists a unique 2n-dimensional quadratic space
Proof. It is a direct consequence of Propositions 3.3 and 3.5 and the Main Theorem of [LM] .
Distinction
In this section we investigate the relation between the local theta correspondence and distinction with respect to unramified Galois involutions. We will first give a criterion (see Proposition 4.1) for testing distinction. It is a generalization of our prior result [Zha18] , and is also a refinement of [Zha] for unramified Galois involutions. The key point is that we can show that the character "η S " is trivial in this situation. Combining this criterion with Theorem 3.6, we derive the main result of this section (see Theorem 4.4).
A criterion
In this subsection, we assume that G is a connected reductive group over F , and E is an unramified quadratic field extension of F . We fix an element ι ∈ o × E such that ι ∈ E − . Let G denote the Weil restriction R E/F G. The nontrivial automorphism σ ∈ Gal(E/F ) induces an involution, still denoted by σ, on G.
Let π (S,µ,j) be a regular supercuspidal representation of G(F ). In [Zha, Corollary 3 .17] we showed that π (S,µ,j) is G(F )-distinguished if and only if (S, µ, j) is G(F )-conjugate to a regular elliptic triple (S, µ, j ′ ) of G such that j ′ S is σ-stable and µ| (j ′ S) σ (F ) = η j ′ S . See [Zha, Definition 3.8] or the proof below for the definition of η j ′ S . We have the following refinement. Proof. According to [Zha, Corollary 3 .17], it suffices to assume that jS is σ-stable and show that η jS is trivial. Since jS is σ-stable, the torus S := (jS) σ is defined over F and jS = R E/F S.
Let Ψ = ( G, x, ρ, φ) be a Howe factorization of (S, µ), and r the depth of φ. We may assume that Ψ is σ-symmetric, that is, σ(x) = x, σ( G) = G and 
is a symplectic F p -vector space, where
The symplectic structure of W i is attached to the G i+1 -generic character φ i of G i (F ). The group jS(F ) acts on W i by conjugate action and preserves the symplectic structure. The involution σ induces a natural linear transformation on W i . Let W i be the σ-fixed subspace of W i , on which the group S(F ) acts by conjugate action. Set
which is a quadratic character of S(F ). Then the character η jS of S(F ) is defined to be
In the proof of [Zha, Lemma 3.9] we showed that W i is jS(F )-equivariant isomorphic to g i+1 (E) x,si:si+ /g i (E) x,si:si+ , and W i is S(F )-equivariant isomorphic to
+ , where
Thus ιΓ i gives rise to a symplectic structure of W i , which is preserved under S(F ). Therefore we have a homomorphism S(F ) → Sp(W i ). Hence χ i is trivial for each i, and so is η jS .
The above proposition has the following direct consequence.
In [Kal, §5] Kaletha defined the notion regular supercuspidal L-parameters ϕ for G. He also constructed the L-packets Π ϕ (G) of ϕ in the framework of rigid inner twists [Kal16] , which consist of certain regular supercuspidal representations of G(F ). In [Zha] we showed that the sets
are indeed the L-packets attached to some regular supercuspidal L-parameters (cf. [Zha, Propositions 4.14 and 4.18]). The above corollary implies the following result directly, which confirms a conjecture of Lapid in this particular case. 
Theta lifts and distinction
As before, let E/F be an unramified quadratic field extension. We fix a uniformizer ̟ of p E such that ̟ ∈ E − , and also fix ι ∈ o × E such that ι ∈ E − . Let ψ be a fixed additive character of E of conductor p E , and ψ ι the character of F defined by ψ ι (a) = ψ(ι −1 a). Let (W, ·, · W ) be a 2n-dimensional symplectic F -vector space. Set Proof. Suppose π = π (S,µ,j) . By Proposition 4.1, we may assume that jS is σ-stable. Therefore (jS) σ is an elliptic maximal torus of G. Set S = j −1 (jS) σ . We may also assume µ| S(F ) = 1 according to Proposition 4.1. Suppose (S, j) corresponds to some datum (K, K
• , c) = i∈I (K i , K Therefore π V is H(F )-distinguished.
